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EIGHT INTERESTING IDENTITIES INVOLVING THE
EXPONENTIAL FUNCTION, DERIVATIVES, AND STIRLING
NUMBERS OF THE SECOND KIND
FENG QI
Abstract. In the paper, the author establishes some identities which show
that the functions 1
(1−e±t)k
and the derivatives
(
1
e±t−1
)(i)
can be expressed
each other by linear combinations with coefficients involving the combinatorial
numbers and the Stirling numbers of the second kind, where t 6= 0 and i, k ∈ N.
1. Introduction
Throughout this paper, we denote the set of all positive integers by N.
We observe that
1
(1− e−t)2
= 1 +
1
et − 1
−
(
1
et − 1
)
′
(1.1)
and
1
(1− e−t)3
= 1 +
1
et − 1
−
3
2
(
1
et − 1
)
′
+
1
2
(
1
et − 1
)
′′
(1.2)
for t 6= 0. Motivated by these two identities, we naturally pose the following
problem.
Problem 1.1. For t 6= 0 and k ∈ N, determine the numbers ak,i−1 for 1 ≤ i ≤ k
such that
1
(1 − e−t)k
= 1 +
k∑
i=1
ak,i−1
(
1
et − 1
)(i−1)
. (1.3)
The first aim of this paper is to find an affirmative answer, which may be stated
as Theorem 1.1 below, to Problem 1.1.
Theorem 1.1. For i, k ∈ N with 1 ≤ i ≤ k, the coefficients ak,i−1 defined in (1.3)
may be calculated by
ak,i−1 = (−1)
i2+1|Mk−i+1(k, i)|, (1.4)
where
|M1(k, i)| =
1
(i− 1)!
(
k
i
)
, (1.5)
2010 Mathematics Subject Classification. Primary 26A24, 33B10; Secondary 11B73, 34A30.
Key words and phrases. Identity; Exponential function; Derivative; Stirling number of the
second kind; Combinatorial number; Equivalence.
This paper was typeset using AMS-LATEX.
1
2 F. QI
|Mj(k, i)| =
∣∣∣∣∣∣∣∣∣∣∣∣
1
(i−1)!
(
k
i
)
S(i+ 1, i) · · · S(i+ j − 1, i)
1
i!
(
k
i+1
)
S(i+ 1, i+ 1) · · · S(i+ j − 1, i+ 1)
1
(i+1)!
(
k
i+2
)
0 · · · S(i+ j − 1, i+ 2)
...
...
. . .
...
1
(i+j−2)!
(
k
i+j−1
)
0 · · · S(i+ j − 1, i+ j − 1)
∣∣∣∣∣∣∣∣∣∣∣∣
(1.6)
for 2 ≤ j ≤ k − i+ 1, and
S(i,m) =
1
m!
m∑
ℓ=0
(−1)m−ℓ
(
m
ℓ
)
ℓi (1.7)
for 1 ≤ m ≤ i are the Stirling numbers of the second kind.
Substituting
1
et − 1
=
1
1− e−t
− 1 (1.8)
into the right hand side of (1.3) leads to Corollary 1.1 below.
Corollary 1.1. For t 6= 0 and k ∈ N, we have
1
(1− e−t)k
=
k∑
i=1
ak,i−1
(
1
1− e−t
)(i−1)
, (1.9)
where ak,i−1 is determined by (1.4).
Theorem 1.1 and Corollary 1.1 tell us that the function 1
(1−e−t)k
can be expressed
by linear combinations of the derivatives
(
1
et−1
)(i−1)
and
(
1
1−e−t
)(i−1)
respectively.
Combining the equality (1.8) with the left hand sides of the equalities (1.3)
and (1.9) and using the binomial theorem imply that the function 1
(et−1)k
can
also be represented by some linear combinations of the derivatives
(
1
et−1
)(i−1)
and(
1
1−e−t
)(i−1)
respectively. To discover coefficients in these linear combinations be-
comes the second aim of this paper.
Theorem 1.2. For i, k ∈ N with 1 ≤ i ≤ k, the identity
1
(et − 1)k
=
k∑
i=1
bk,i−1
(
1
et − 1
)(i−1)
(1.10)
is valid and the coefficients bk,i−1 can be computed by
bk,i−1 = (−1)
i−1ak,i−1, (1.11)
where ak,i−1 is just the quantity (1.4).
Utilizing (1.8) in the right hand side of (1.10) brings about Corollary 1.2 below.
Corollary 1.2. For i, k ∈ N with 1 ≤ i ≤ k, the identity
1
(et − 1)k
= 1 +
k∑
i=1
bk,i−1
(
1
1− e−t
)(i−1)
(1.12)
validates, where the coefficients bk,i−1 are decided by (1.11).
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2. Lemmas
For proving Theorems 1.1 and 1.2, we need the following lemmas.
Lemma 2.1. For i ∈ N ∪ {0}, we have(
1
et − 1
)(i)
=
i+1∑
m=1
λi,m
(et − 1)m
, (2.1)
where
λi,m = (−1)
i(m− 1)!S(i+ 1,m). (2.2)
Proof. We prove this lemma by induction on i.
For i = 0, 1, it is simple to verify the identity (2.1).
Assume that the identity (2.1) is valid for some i > 1.
By the inductive hypothesis and a direct differentiation on both sides of the
identity (2.1), we obtain(
1
et − 1
)(i+1)
=
i+1∑
k=1
λi,k
d
dt
[
1
(et − 1)k
]
= −
i+1∑
k=1
kλi,k
[
1
(et − 1)k
+
1
(et − 1)k+1
]
= −
[
i+1∑
k=1
kλi,k
(et − 1)k
+
i+1∑
k=1
kλi,k
(et − 1)k+1
]
= −
[
i+1∑
k=1
kλi,k
(et − 1)k
+
i+2∑
k=2
(k − 1)λi,k−1
(et − 1)k
]
= −
[
λi,1
et − 1
+
i+1∑
k=2
kλi,k + (k − 1)λi,k−1
(et − 1)k
+
(i+ 1)λi,i+1
(et − 1)i+2
]
and
kλi,k + (k − 1)λi,k−1 =
k−1∑
ℓ=1
(−1)i+k+ℓ
[
k
(
k − 1
ℓ− 1
)
− (k − 1)
(
k − 2
ℓ− 1
)]
ℓi + (−1)iki+1
=
k−1∑
ℓ=1
(−1)i+k+ℓ
(
k − 1
ℓ− 1
)
ℓi+1 + (−1)iki+1
= (−1)i
k∑
ℓ=1
(−1)k+ℓ
(
k − 1
ℓ− 1
)
ℓi+1
= (−1)i+2(k − 1)!S(i+ 2, k)
= −λi+1,k
for 2 ≤ k ≤ i+ 1. Moreover, we observe that
λi,1 = −λi+1,1 = (−1)
i and (i + 1)λi,i+1 = −λi+1,i+2 = (−1)
i(i + 1)!.
By induction on i, the identity (2.1) is thus proved. 
Using the equality (1.8) in the left hand side of (2.1) leads to Corollary 2.1 below.
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Corollary 2.1. For i ∈ N, we have(
1
1− e−t
)(i)
=
i+1∑
m=1
λi,m
(et − 1)m
, (2.3)
where λi,m is defined by (2.2).
Lemma 2.2. For i ∈ N ∪ {0}, we have(
1
1− e−t
)(i)
=
i+1∑
m=1
µi,m
(1− e−t)m
, (2.4)
where
µi,m = (−1)
m+1(m− 1)!S(i+ 1,m). (2.5)
Proof. A simple differentiation yields(
1
1− e−t
)(i+1)
=
i+1∑
k=1
µi,k
d
d t
[
1
(1 − e−t)k
]
=
i+1∑
k=1
kµi,k
[
1
(1− e−t)k
−
1
(1 − e−t)k+1
]
=
i+1∑
k=1
kµi,k
(1− e−t)k
−
i+1∑
k=1
kµi,k
(1 − e−t)k+1
=
i+1∑
k=1
kµi,k
(1− e−t)k
−
i+2∑
k=2
(k − 1)µi,k−1
(1 − e−t)k
=
µi,1
1− e−t
+
i+1∑
k=2
kµi,k − (k − 1)µi,k−1
(1− e−t)k
−
(i+ 1)µi,i+1
(1− e−t)i+2
.
Equating coefficients of 1(1−e−t)k for 1 ≤ k ≤ i+ 2 in
µi,1
1− e−t
+
i+1∑
k=2
kµi,k − (k − 1)µi,k−1
(1 − e−t)k
−
(i+ 1)µi,i+1
(1− e−t)i+2
=
i+2∑
k=1
µi+1,k
(1− e−t)k
gives
µi+1,1 = µi,1,
µi+1,i+2 = −(i+ 1)µi,i+1,
(2.6)
and
µi+1,k = kµi,k − (k − 1)µi,k−1 (2.7)
for 1 ≤ k ≤ i+ 1.
From an obvious fact that µ0,1 = 1 and the recursion formulas in (2.6), we can
easily deduce
µi,1 = 1 (2.8)
and
µi,i+1 = (−1)
ii! (2.9)
for i ≥ 0.
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Employing equalities (2.8) and (2.9) and recurring repeatedly the formula (2.7)
result in
µi,k = (−1)
i+k+1λi,k. (2.10)
Replacing (2.2) into the above equality leads to (2.5). The proof of Lemma 2.2 is
thus completed. 
Using the equality (1.8) in the left hand side of (2.4) brings out Corollary 2.2
below.
Corollary 2.2. For i ∈ N, we have(
1
et − 1
)(i)
=
i+1∑
m=1
µi,m
(1 − e−t)m
, (2.11)
where µi,m is defined by (2.5).
Lemmas 2.1 and 2.2 together with Corollaries 2.1 and 2.2 declare that the deriva-
tives
(
1
et−1
)(i)
and
(
1
1−e−t
)(i)
can be expressed by linear combinations of the func-
tions 1(et−1)m and
1
(1−e−t)m respectively.
3. Proofs of Theorems 1.1 and 1.2
Now it is time for us to prove Theorems 1.1 and 1.2.
Proof of Theorem 1.1. It is easy to see that
1
(1− e−t)k
=
(
1 +
1
et − 1
)k
=
k∑
m=0
(
k
m
)
1
(et − 1)m
.
On the other hand, by virtue of (2.1) and changing the order of summations, it
follows that
k−1∑
i=0
ak,i
(
1
et − 1
)(i)
=
k−1∑
i=0
ak,i
i+1∑
m=1
λi,m
(et − 1)m
=
k∑
m=1
(
k−1∑
i=m−1
λi,mak,i
)
1
(et − 1)m
.
Equating the coefficients of 1(et−1)m in
k∑
m=0
(
k
m
)
1
(et − 1)m
= 1 +
k∑
m=1
(
k−1∑
i=m−1
λi,mak,i
)
1
(et − 1)m
yields a system of linear equations
k−1∑
i=m−1
λi,mak,i =
(
k
m
)
, 1 ≤ m ≤ k. (3.1)
By Cramer’s rule in linear algebra, it is procured that
ak,i−1 =
|Λk,i|
|Λk|
, 1 ≤ i ≤ k,
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where
|Λk| =
∣∣∣∣∣∣∣∣∣∣∣∣∣
λ0,1 λ1,1 λ2,1 · · · λk−2,1 λk−1,1
0 λ1,2 λ2,2 · · · λk−2,2 λk−1,2
0 0 λ2,3 · · · λk−2,3 λk−1,3
...
...
...
. . .
...
...
0 0 0 · · · λk−2,k−1 λk−1,k−1
0 0 0 · · · 0 λk−1,k
∣∣∣∣∣∣∣∣∣∣∣∣∣
(3.2)
=
k∏
ℓ=1
λℓ−1,ℓ,
|Λk,i| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
λ0,1 · · · λi−2,1
(
k
1
)
λi,1 · · · λk−1,1
0 · · · λi−2,2
(
k
2
)
λi,2 · · · λk−1,2
...
. . .
...
...
...
. . .
...
0 · · · λi−2,i−1
(
k
i−1
)
λi,i−1 · · · λk−1,i−1
0 · · · 0
(
k
i
)
λi,i · · · λk−1,i
0 · · · 0
(
k
i+1
)
λi,i+1 · · · λk−1,i+1
...
. . .
...
...
...
. . .
...
0 · · · 0
(
k
k−1
)
0 · · · λk−1,k−1
0 · · · 0
(
k
k
)
0 · · · λk−1,k
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(3.3)
=
i−1∏
ℓ=1
λℓ−1,ℓ
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(
k
i
)
λi,i · · · λk−2,i λk−1,i(
k
i+1
)
λi,i+1 · · · λk−2,i+1 λk−1,i+1(
k
i+2
)
0 · · · λk−2,i+2 λk−1,i+2
...
...
. . .
...
...(
k
k−1
)
0 · · · λk−2,k−1 λk−1,k−1(
k
k
)
0 · · · 0 λk−1,k
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
i−1∏
ℓ=1
λℓ−1,ℓ|Dk−i+1(k, i)|,
and
|Dj(k, i)| =


(
k
i
)
, j = 1∣∣∣∣∣∣∣∣∣∣∣∣∣
(
k
i
)
λi,i · · · λi+j−2,i(
k
i+1
)
λi,i+1 · · · λi+j−2,i+1(
k
i+2
)
0 · · · λi+j−2,i+2
...
...
. . .
...(
k
i+j−1
)
0 · · · λi+j−2,i+j−1
∣∣∣∣∣∣∣∣∣∣∣∣∣
, 2 ≤ j ≤ k − i+ 1
(3.4)
= (−1)(2i+j−2)(j−1)/2
j∏
ℓ=1
(i + ℓ− 2)!|Mj(k, i)|.
As a result,
ak,i−1 =
|Dk−i+1(k, i)|∏k
ℓ=i λℓ−1,ℓ
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=
(−1)(k−i)(k+i−1)/2
∏k−i+1
ℓ=1 (i+ ℓ− 2)!|Mk−i+1(k, i)|
(−1)(k+i−2)(k−i+1)/2
∏k
ℓ=i(ℓ− 1)!
= (−1)k(k+1)−(i−1)
2
|Mk−i+1(k, i)|
= (−1)i
2+1|Mk−i+1(k, i)|.
The proof of Theorem 1.1 is complete. 
Proof of Theorem 1.2. Making use of (1.8) and the binomial theorem, the left hand
side of (1.10) becomes
1
(et − 1)k
=
(
1
1− e−t
− 1
)k
=
k∑
ℓ=0
(−1)k+ℓ
(
k
ℓ
)
1
(1− e−t)ℓ
.
Substituting (2.11) into the right hand side of (1.10) and interchanging the order
of summations generate
k∑
i=1
bk,i−1
(
1
et − 1
)(i−1)
= bk,0
(
1
1− e−t
− 1
)
+
k∑
i=2
bk,i−1
i∑
m=1
µi−1,m
(1− e−t)m
= −bk,0 +
(
bk,0 +
k∑
i=2
µi−1,1bk,i−1
)
1
1− e−t
+
k∑
m=2
(
k∑
i=m
µi−1,mbk,i−1
)
1
(1 − e−t)m
= −bk,0 +
k∑
m=1
(
k∑
i=m
µi−1,mbk,i−1
)
1
(1− e−t)m
.
Equating coefficients of 1
(1−e−t)ℓ
in
k∑
ℓ=0
(−1)ℓ
(
k
ℓ
)
1
(1− e−t)ℓ
= −bk,0 +
k∑
m=1
(
k∑
i=m
µi−1,mbk,i−1
)
1
(1 − e−t)m
produces
bk,0 = −1 (3.5)
and
k∑
i=ℓ
µi−1,ℓbk,i−1 = (−1)
ℓ
(
k
ℓ
)
, 1 ≤ ℓ ≤ k. (3.6)
By virtue of (2.10), the equations system (3.6) can be rearranged as
k∑
i=ℓ
(−1)i−1λi−1,ℓbk,i−1 =
(
k
ℓ
)
, 1 ≤ ℓ ≤ k. (3.7)
Comparing (3.7) with (3.1) reveals that
bk,i = (−1)
iak,i, 0 ≤ i ≤ k − 1. (3.8)
The proof of Theorem 1.2 is thus complete. 
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4. Remarks
In this section, we further list several remarks on the above two theorems, two
lemmas, and four corollaries.
Remark 4.1. The identities obtained in Theorem 1.1, Corollary 1.1, Corollary 1.2,
and Theorem 1.2 imply that the linear ordinary differential equations
k∑
i=1
ak,i−1y
(i−1) = Fn(t) (4.1)
and
k∑
i=1
(−1)i−1ak,i−1y
(i−1) = Gn(t) (4.2)
for
Fn(t) =


1
(1− e−t)k
− 1, n = 1
1
(1− e−t)k
, n = 2
(4.3)
and
Gn(t) =


1
(et − 1)k
− 1, n = 1
1
(et − 1)k
, n = 2
(4.4)
have unique solutions
1
et − 1
,
1
1− e−t
,
1
1− e−t
, and
1
et − 1
(4.5)
respectively.
Remark 4.2. The equality (2.1) can be rewritten as

1
et−1(
1
et−1
)
′(
1
et−1
)
′′
...(
1
et−1
)(i−1)(
1
et−1
)(i)


= ΛTi+1


1
et−1
1
(et−1)2
1
(et−1)3
...
1
(et−1)i
1
(et−1)i+1


,
where ΛTi+1 denotes the transpose of the matrix Λi+1 defined by (3.2). Therefore,

1
et−1
1
(et−1)2
1
(et−1)3
...
1
(et−1)i
1
(et−1)i+1


=
(
ΛTi+1
)
−1


1
et−1(
1
et−1
)
′(
1
et−1
)
′′
...(
1
et−1
)(i−1)(
1
et−1
)(i)


,
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where Λ−1i+1 stands for the inverse of Λi+1 respectively. On the other hand, Theo-
rem 1.2 can be rearranged directly as

1
et−1
1
(et−1)2
1
(et−1)3
...
1
(et−1)k


= (−1)(k−1)k/2


a1,0 0 0 · · · 0
a2,0 a2,1 0 · · · 0
a3,0 a3,1 a3,2 · · · 0
...
...
...
. . .
...
ak,0 ak,1 ak,2 · · · ak,k−1




1
et−1(
1
et−1
)
′(
1
et−1
)
′′
...(
1
et−1
)(k−1)


.
As a result, it follows that
Λ−1k = (−1)
(k−1)k/2


a1,0 a2,0 a3,0 · · · ak,0
0 a2,1 a3,1 · · · ak,1
0 0 a3,2 · · · ak,2
...
...
...
. . .
...
0 0 0 · · · ak,k−1

 . (4.6)
This reveals that Theorem 1.2 and Lemma 2.1 are essentially equivalent to each
other.
Remark 4.3. The identities just-obtained in this paper show us that the derivatives(
1
et−1
)(i)
and
(
1
1−e−t
)(i)
and the functions 1(et−1)m and
1
(1−e−t)m can be expressed
each other by linear combinations with coefficients involving the combinatorial num-
bers and the Stirling numbers of the second kind. This means that all the theorems,
lemmas, and corollaries acquired in this paper are equivalent to each other.
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